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Abstract

The dynamics of the co-infection of monkeypox and HIV/AIDS is examined from a mathematical
perspective via a deterministic 13-compartment model. This consists of the investigation of the equilibrium
points, the basic reproduction numbers and the equilibrium points’ stability. The mathematical analysis
reveals that the model is epidemiologically well-posed, and that the basic reproduction number for the
monkeypox sub-model is a function of the likelihood of getting infected, the rate of effective contact, the
infection coefficient of the monkeypox-infectious class, the monkeypox prevention measure, the progression
rate from monkeypox-exposed class to monkeypox-infectious class, the natural death rate, the vaccination
rate and the waning rate of the vaccine. It also depends on the recovery rate for the monkeypox-exposed class
and the monkeypox-induced death rate. The analysis also reveals that the basic reproduction number for the
HIV/AIDS sub-model is a function of the likelihood of getting infected, the rate of effective contact, the
HIV/AIDS prevention measure, the infection coefficient of the monkeypox-infectious class, the HIV/AIDS-
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induced death rate, the natural death rate, the infection coefficient of AIDS-only class, and the progression
rate of HIV-only class to AIDS-only. The stability analysis reveals that the disease-free equilibrium of the
sub-models are globally asymptomatically stable, when the basic reproduction number is less than unity.
Numerical simulations of the model reveal the effect of changes in certain parameter values on the population
sizes. Increasing or lowering the values of certain parameters can significantly affect the sizes of some
classes. The Maple 18 programming software was used to carry out all calculations and numerical
simulations.

Keywords: Modeling; stability; monkeypox; HIV-AIDS.

1 Introduction

Monkeypox virus was described in the 1960sas initiating a pox-like infection in monkeys. Common symptoms
are skin eruptions that grow into papules on the soles, palms, face and trunk. The human immunodeficiency
virus (HIV) attacks the immune cells - CD4 cells. These white blood cells assist in spotting anomalies and
infections in the other cells. HIV escalates the danger and the effect of other diseases. When there is no proper
treatment, HIV progresses to AIDS (Acquired immunodeficiency syndrome). Monkeypox infection mortality
may be higher in HIV-infected humans whose immune systems have been compromised. HIV/AIDS infection is
high in Nigeria. More so, the monkeypox outbreak in Nigeria has necessitated the study of a possible co-
infection of the two infections.

Getachew [1] reveals that models are proposed to study the behaviours of some elements on disease
transmissions and to provide plans on how to control the diseases. Ossaiugbo and Okposo [2] Tsetimi,
Ossaiugbo and Atonuje [3] and Okposo, Adewole, Okposo, Ojarikre and Abdullah [4] proposed mathematical
models to study the dynamics of Pneumonia and COVID-19. Among other researchers, Bhunu, Mushayabasa
and Mac Hyman [5] Usman and Adamu [6] Somma, Akinwande, and Chado [7] and Ayele, Goufo, Mugisha [8]
and Okposo, Addai, Apanapudor and Gomez-Aguilar [9] have done some works on monkeypox and HIV/AIDS.

The Ayele, et. al. [8] model considered the rate at which individuals become aware or unaware, as a function of
media campaign. They carried out mathematical analyses such as calculation of the reproduction number,
finding the equilibrium points, and stability pattern. Control measures such as treatment, screening were also
introduced into the model. Usman and Adamu [10] proposed a model for monkeypox infection and
computed R, for the humans and the non-humans to be R,, = 9.1304 x 107° and R,, = 3.375x 1073
respectively. Numerical simulations were done and it was shown that the individuals which are infectious will
die during the intervention process. They further showed that with an increase in treatment and vaccination, R,
decreases.

The co-infection of HIV/AIDS and Monkeypox is not a desirable condition. This work developed and
mathematically analyzed a deterministic model of 13 classes with ordinary differential equations for HIVV/AIDS
and Monkeypox. The results shall help in the management and possible eradication of HIV/AIDS and
Monkeypox co-infection.

2Model Description and Formulation

The model divides the population of animals into four classes: susceptible (S,,), exposed (E,), infectious ()
and recovered (R,). The recruitment rate isA, . The force of infection isA,. Exposed animals become
monkeypox-infectious at rate v,,. The exposed recover at rate g,,, whilethe infectious recover at rate p,. The
natural death rate is p,, while the monkeypox-induced death rate isd,,. The model shares the human population
into nine compartments: susceptible (S), monkeypox-vaccinated (V;,,), monkeypox-exposed (E,,), monkeypox-
infectious (I,,) , monkeypox-recovered (R,,), HIV-only (I;) , HIV/AIDS-infectious (4;), HIV-only and
Monkeypox co-infectious(ly,,,,), and HIV/AIDS and Monkeypox co-infectious(4,,).

We assumed that monkeypox recovery does not confer permanent immunity; the waning rate of the vaccine can

result in humans becoming susceptible again; animals that are exposed to the monkeypox infection recovers
from the infection but at a rate different from that of the infectious animals; humans that are exposed to
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monkeypox also recover from the infection and the rate is different from that of the infectious humans; there is
no body fluid exchange between animals and humans; different monkeypox-recovery rates exist for humans in
the compartmentsA,,,and I,,,,; and there is a possibility of vertical transmission for HIV infection.

The human birth rate is A. e-fraction is born with HIV, hence they enter into the class I, while(1 — €)- fraction
is recruited into the class S. The monkeypox vaccination rate is a,,. The waning rate of the vaccine is w,,.
Monkeypox exposure rate for humans is 4,, and the recovery rate for these exposed individuals is g,,,. The HIV
force of infection is A;,. The rate at which humans who are exposed to monkeypox become infectious isv,,. The
recovery rate for these infectious individuals is p,,. Monkeypox-recovered individuals become susceptible again
at rate {. Humans who are exposed to monkeypox and those who are infectious of monkeypox become infected
with HIV at rate A, thus they join class I,,.Individuals in class R,,also get infected with HIV at the ratel,,
thus move to class I,.Individuals in class I move to class A4, at the rate p,. Individuals in the classes A4, and I,
become exposed to monkeypox at rates o,4,, and o;4,, respectively. g; and o, account for increased
vulnerability to monkeypox due to the HIV/AIDS infection. Individuals in class I;,,,,move to classA;,, at the rate
p,. The monkeypox-recovery rates for the classesA,,, andl,,,aret, and 7, respectively.These individual move
back to class Ajand I respectively. The death rate due to HIV/AIDS is d;,. The death rate due to monkeypox is
d. The natural death rate is u.

(B0 = G+ 205
dt n n n)on
dE,
W = lnSn - (:“n + On + Un)Env
di,
E = 1711En - (.un + dn + pn)ln:
dR,
W = OnEn + puln — UnRy,
as
i A -aA+ oV +{Ry — (U + Ay + Ay + ,)S,
dv,
F =S — (U + wn)Vy,,
dE
d—;" = AmS — (U + Uy + 0 + A1) Eny, €))
dl,
W = UpEm — (ﬂ + dm +pm+ Ah)lm:
dR,,
W = OmEm + pmlm — (u+¢+ Ah)Rmr
dl,
ar eA+ Ap(S + Ryp) + Tulpn — (U + p1 + 0145 I,
dAy
DT pily + T2Apm — (U + dp + 0240) A,
dlpm — ol
dt =0 th + Ah(Em + Im) - (,u + dm + P2 + Tl)lhm;
dApm
\ " dt = polpm + 0240 A — (U + diy + djy + T2) Ape

Initial conditions:

>0,1,(0) = 0,4,(0) = 0,1,,,(0) > 0, A4,,,(0) > 0.

where:
I,(®)
52O + En(D) + In(£) + Ry(t)

_ In (Ahm(t) + gllm(t) + ezlhm (t))
A = (1= Om) (ﬁ"’:" Ny T Bmm S V) ) T I (0) + R0

An = Bn

),91 <02,

14



Ap = (1= 6p) (.thh
Nn(t) = Sn(t) + En(t) + In(t) + Rn(t)

Ossaiugbo et al.; Asian Res. J. Math., vol. 20, no. 3, pp. 12-39, 2024; Article no.ARJOM.113995

(Apm (@) + 115(0) + Dol () + 344 (D))
S(t) + I,(t) + Ap(t) + Iy () + Apm (2)

‘ £A [An
\ § 1Ay, !
M T 'll‘a-
i d, I

P2

o UzA

dpitd,,

-

d, It

Fig. 1. Schematic diagram

An

Table 1. Parameters descriptions and values

>’¢1 < ¢, < o3,

Parameter Description Value Source
A, Recruitment rate into the class S,,. 0.06 Ayele, et. al.[8].
A Recruitment rate into the susceptible class S. 0.036026 Macrotrends (2023a)
Un Natural death rate among animals. 0.0125 Bhunu, et. al.[11]
u Natural death rate among humans. 0.0124  Macrotrends (2023c)
On Recovery rate for the class E,,. 0.008 Assumed
Om Recovery rate for the class E,,. 0.95 Assumed
Pn Recovery rate for the class I,,. 0.05 Bhunu, et. al.[11]
Pm Recovery rate for the class I,,. 0.97 Assumed
T, Monkeypox-recovery rate for the class I,,,. 0.5 Assumed
T, Monkeypox-recovery rate for the class Ay,. 0.4 Assumed
d, Monkeypox-induced death rate among animals. 0.0001 Ngungu, et. al.[12]
dm Monkeypox-induced death rate among humans. 0.33 Assumed
dy, HIV/AIDS-induced death rate. 0.016  Ayele, et. al.[8]
€ The fraction born infected with HIV virus. 0.1 Assumed
W Monkeypox vaccine’s waning rate. 0.15 NCDC [13]
4 Rate at which humans who recover from monkeypox 0.02 Assumed
infection become susceptible again.
A Monkeypox vaccination rate. 0.99 Assumed
vy Progression rate from class E,, to class I,,. 0.99 Assumed
U Progression rate from class E,, to class I,,. 0.95 WHO (2023)
P Progression rate from class I, to class A,. 0.008  Bhunu, et. al.[11].
P2 Progression rate from class I, to class Ay,,. 0.8 Assumed
0y Parameter accounting for increased monkeypox 6.43 Assumed
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Parameter Description Value Source

susceptibility because of an underlying HIV infection.

0y Parameter accounting for increased monkeypox 7.4 Assumed
susceptibility because of underlying AIDS infection.

Cn Animals’ effective rate of contact for getting 0.92 Assumed
monkeypox

Cm Humans’ effective rate of contact for getting 0.95 Assumed
monkeypox

Ch Humans’ effective rate of contact for getting HIV 0.36 Assumed
infection

m Monkeypox prevention measure. 0 < 6,, < 1. 0.85 Assumed

Sp HIV/AIDS prevention measure. 0 < §,, < 1. 0.19 Assumed

B Animal’s probability of catching monkeypox. 0.685  Assumed

Bum Human'’s probability of catching monkeypox. 0.50 Assumed

B Probability of getting infected with HIV per sexual 0.5 Assumed
contact with a partner that is infected.

0, The infection coefficient of the classl,,,. 0.85 Assumed

6, The infection coefficient of the classiy,,. 0.92 Assumed

b1 The HIV infection coefficient of the class/,. 0.91 Assumed

b, The HIV infection coefficient of the class/y,y,. 0.98 Assumed

¢ The HIV infection coefficient of the classAy,. 0.96 Assumed

S.(0) = 149914, E, (0) = 20,1,(0) = 0,R,(0) = 0,5(0) = 97595907,
1,(0) = 0,E,,(0) = 20,1,,(0) = 88,R,,(0) = 0,1,(0) = 1500000, 4,(0) = 1400000,

Iy (0) = 5000, A, (0) = 4000.

3Basic Analysis of the Model

The following mathematical analyses are carried out to ascertain the biological relevance of the model.

3.1Non-negativity of solutions

Theorem 1:

Proof:

Suppose I'= {(Sn, En: [n: Rn: S: Vm: Em: [m: Rm: [h: Ah; Ihm:Ahm) € R?: Sn(o) > O: En(O) > 0' In(O) >

0,R,,(0) > 0,5(0) > 0,V,(0) > 0,E,,(0) > 0,1,,(0) > 0,R,,(0) > 0,1,(0) > 0,4,(0) >
0, [y (0) > 0, A, (0) > 03, then  {Sy, En, Iy Rrs S, Vi Evos Ls R Tris A Tnoms A}

negativev t = 0.

ds,

ds,

dt

= Ay — (U + 4,)Sp.

= _(:un + An)sn'

1
f—dS > —f(un + 1,)dt,
Sn

Sn > e‘f(ﬂn"')‘n)dt_

S, >0 Vt=>0.

Also,

dt

ds
—=0A-aA+w, )V + Ry — (u+ A, + A, + ap)S.

das
I >—(u+, + A, +a,)s,

1
fEdSZ—f(,u+ﬂm+lh+am)dt,

non-
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S > e—f(y+lm+/lh+am)dt.
§>0 vt=0.

Similarly,  E,(t) > 0,1,(t) > 0, Ry (t) > 0,V,(£) > 0, E,y(0t) > 0,1, (t) > 0, R, (t) > 0,1, (t) >

0,A,(t) > 0,1, (t) > 0,A,,,(t) >0atalltimet=>0m
3.2 Invariant region and boundedness

Theorem 2:

The sets T, = {(sn, E,l,R,)ER:0<S, +E, +1,+R, =N, < 27} and

Ty = {(S, Vo Evs by R s A T An) € RS0 < S + Vi + By + Ly + Ry + Iy + A + Ly +

Apm =N < ﬁ}are positively invariant.

Proof:

Ny () = $(t) + Ey () + 1, (8) + Ry (0), (2)

N() = SO + V() + B () + (D) + Ry(8) + 1y (8) + Ay (8) + Ty (©) + Ay 1), 3
dn,
dr = Ap — tnNp — dyly < Ay — py Ny
dn,
W + .unNn < An-
An
Ny (8) < —+ ke™#nt. (4)
Hn

dN

dN+ N<A
ac THY =4

A
N =+ ke Ht. (5)

The inequalities (4) and (5) are the threshold population levels for the animal population and the human
respectively. They show that when the population is greater than the threshold level, the total population reduces
asymptotically to the carrying capacity, and if the population is less than the threshold population level, the
solution remains in the invariant-region at all time ¢t > 0. Thus, the regions I; and T, are positively invariant m

3.3Equilibrium points

The disease-free equilibrium (DFE) and the disease-endemic equilibrium (DEE) are obtained by equating the

derivatives in system (1) to zero and solving the resulting system.
I.Monkeypox sub-model’s DFE

The system is:
Ay — (ﬂn + An)sn =0,
AnSn — (fn + 00 + v)En = 0,
By — (un + dy + pp)I, = 0,
OnEn + puln — Ry =0,
A+ w, Vo + Ry — (W + Ay + a)S =0,
anS — W+ w )V, =0,
/’l-mS - (,Ll + U+ Qm)Em =0,
1]mEm - (,Ll + dm + pm)lm =0,
OmEm + Pl — W+ DRy =0,

(6)
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I
P50 + En(D) + I,(6) + R (D)’

A = Bn

Gllm )

I
A = (1= 8,) (ﬁnan—n + B Sy T T EL ) T (D) F R (D

We set E, = I,, = E,, = I, = 0, solved the system and obtained the DFE of the monkeypox sub-model:

—.0,0,0, , )
Un p(u+ am + wp) p(u + apy + )

(An A + ) Aayy, 0,0,0) )

I1.HIVV/AIDS sub-model’s DFE
The system is:

A-aA—-(u+1,)S=0,
eA+ S — (uw+p)lp =0,0(8)
pilp — (u+ dp)A, = 0.

4, = (1— 5}1)( (p1ln + P3Ap) )

P S+ 1@ + 4,

We solved the system and obtained the DFE:

Eo,, = (@ 0,0) 9

I11.Monkeypox sub-model’s DEE
Using the maple 19 programming language, we solved the system (6) above and obtained:

_ Ay _ Ay
AT (i A) (0 )

n

_ Ay
(tn + 2) (U + 0 + V) (U, + dyy + )’

In

_ A (Un0n + (dy + Pp)on + vnpp) Ay
(tn + 22) (U + 0 + V)t (U, + dy + p)’

n

§= _((:u + wm)(e - 1)(# + ()A(:u + dm + pm)(:u + Um + Qm))/(/“ls + (Am + Om + { + dm + Um + Pm
+ ty + 0+ (A + 0 + i + Vi + Py + Wy + ©0) () + (A + 0 + diyy + 0y
+ pm)Wm + (@m + dip + Vi + P + (0 + Vi + @) + (P + @)V + (O
+ @) pm + 0m @) + (A + 0m + digy + Vi + ) Wy + (A + Uiy + P1) Ay + (O
+ ) Am + (i + Pm) (@m + Vm)) W + (A + Pim) (@ + Vi) (A + an))i® + ((((d,
+ Vi + ) Am + (A + p) (@ + Vi)W + A Vi + @ (A + ) (@ + V) ()
+ A @m (dm + pm) (@m + V)i + (DA VA win),
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Vm = _((6 - 1)(# + ()Aam(.u + dm + pm)(,u + Um + Qm))/(.u-s + (/1m + Om + ( + dm + Um + Pm + Am
+ 0t + (An + 0 + iy + Vi + P + Ay + ©0) () + (A + 0 + A + Uy
+ pm)Wm + (@m + A + Vi + P A + (0 + Vi + @) + (P + @)V + (O
+ W) pm + 0m @) + (A + 0m + iy + Vi + ) Wy + (Ao + Uiy + P1) Ay + (0
+ P + (i + P) (@ + Vi) O + (Ao + Prm) (@m + Vi) (A + @ ))pt? + (A
+ Vi + Pr)Am + (A + pr) (@ + Vi)W + Ay Vi + A (A + ) (@ + Vi) (©)
+ An@m (dm + pr) (@m + V)i + (A VA wim),

Ep = —((U+ dpm + pr) A (€ = D+ 0p) (1 + D)/ (15 + (A + 0 + { + diyy + Vi + pi +
+ ) + (A + 0 + dip + Vi + Py + W + ©0) () + (i + 0 + Aoy + 0y
+ pm)wm + (O + A + Vi + pp)Aym + (O + Ui + @)y + (O + X))V + (O
+ )P+ Omam)i® + (A + 0m + dip + Vi + Pr) 0 + (Ao + Vi + Pi) A + (O
+ ) A + (i + pm) (@m + Vi) O + (A + Pim) (@ + Vi) (A + a))i® + (A,
+ U + Pm)Am + (@ + Pm) (@m + Vi) 0 + Andim Uy + @ (A + 1) (@ + V) ()
+ n 0 (A + pm) (Om + V)i + (A Vi A 0m),

Im = _(Avmlm(e - 1)(.“ + wm)(.u + 5))/(/15 + (Am + Om + ( + dm + Um + Pm + Am + wm),u4 + ((lm
+ Uy + P )Am + (i + P+ )V + (0 + W)y + (0 + X)) P + Om @) 1®
+ an)dm + (@m + @)Pm + 0m@m)(§) + ((0m + dim + Vi + Pr)A;m + (A + ) (O
+ V)0 + (i + Pm) (@m + Vi) (A + @ ))t? + (i + Vi + pr) A + (A
+ Pm)(Om + V)W + AV + @ (i + P) (@m + V) () + AW (dim + pm) (O
+ V)i + () dmVmAnwn),

Rm = _((E - 1)(.“9m + dem + pm(Qm + vm))(.u + wm)AmA)/(HS + (Am +0mt+ ( + dm R ol P S
t W)kt + (A + 0m + dm + Vi + P+ W + 0) () + (A + 0 + A + Uy
+ Pm)Wm + (@ + dm + VU + ) Ay + (@ + Vi + @) + (O + X))V + (O
+ am)pm + 0m@m)K® + (A + 0m + dm + Vi + pr) 0 + (A + Vi + P A + (O
+ vy + am)dm + (pm + am)vm + (Qm + am)pm + Qmam)(() + ((Qm + dm + U
+ pm)Am + (dm + Pm)(@m + Vm))Wm + (A + prm)(@m + Vi) A + a))u? + (A
* U + P Am + (i + P (@m + V)0 + Ay Vi + A (A + P) (@ + Vi) ()
+ Ay (dm + pm) (@ + Vi)l + ()i U Ay Wy).-

IV. HIV/AIDS sub-model’s DEE

Using the maple 18 programing language, we solved the system (8) above and obtained

e N TR ), Mgty
CoutAd T A+ p) P+ )+ p) W+ dy)

3.4 Basic reproduction numbers

The basic reproduction number is the average number of infectious cases generated by a single infectious
individual in an entirely susceptible population.

We shall employ the approach used by Ossaiugbo and Okposo [2]. That is the next generation matrix approach.
We use the notations Ry, , Ry, and Ry, to denote the basic reproduction numbers of the monkeypox sub-

model, the HIVV/AIDS sub-model, and the co-infection model respectively.
(1) Calculating R,,,,.
LetX (t)represent the infected classes. Then

X' =F(@X) =V X)
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whereFstands for the new infection terms and Vstands for the remaining terms. Now,

— Em — AmS _( (.u+vm+9m)Em )
X_(1m>' T_( 0 ) v= —VEp + (U + dpy + pp) /)

The next generation matrices F and V which are the Jacobian matrices of F and Vcalculated at the DFE.

_ (_1 + 6m)ﬁmcm91(.u + wm)

P V_[M+vm+9m 0 ]
B 0 ,u+a0m+wm o —VUnm .u+dm+pm.
1
_— 0
V—1= :u+vm+Qm
U 1

wutvmtop)+dy+pn) ptdytpn

(1 - 5m)ﬁmcm91(.u + wm)vm (1 - 6m)ﬁmcm91(,u + wm)
-1
FV==(u+ am + wn) U+ vm + )W+ di + pm) (U + @ + @) (W + diyy + pr) |-
0 0

Ry, is the spectral radius of FV~".

v 1

~ Ry = 0 (1 =6V (
om = Umeni G = o) G o Wt v ¥ et o+ 0)

). (3.13)

Thus susceptible humans become exposed at rate 8,,,¢,,0,(1 — 8,,,)when an infectious human is introduced into
a completely susceptible population. Susceptible individuals are vaccinated but due to the vaccine waning
effect, vaccinated individuals can become susceptible again. The time taken by these humans as susceptible and

vaccinated is % Exposed humans become infectious at rate v,,. The time spent by these humans as
m m
1

(u+vm+om) (U+dm+pm)’

exposed and infectious is

(i) Calculating Ry,

3 1h> _(eA+ 1,8 _( (1 + pIn )
X_(Ah ’ T_( 0 ),V— —p1ly + (u+dp)An/)

_ [-(=1+68)Brcndr —(—=1+ 8p)Brcndd _fu+p 0
F—[ Oh hChP1 Oh hCh 3]’V_[—p11 dh+u]'

) (u+p)t 0
V== P1 1|

d 1
Wt pn R
_ (—1+ 8p)Brendr _ (=1 + 6n)Brendsps _ (—=1+6n)Brends
Fv= = w+ps 1+ p)(dy + 1) dy, +
0 0

Ry, = Bren(1 = 8p)(d1(dp + 1) + P3p1)

TEYNICET) (10)

(iii) Calculating Ry,,,,,
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Em AmS
I \ 0 \
y=| | 7| &4+ (S +Ry)
Ap |' 0 ’
T / 0
Apm 0
(/'l + Um + Om + )'h)Em
_vam + (/1 + dm + Pm T+ Ah)lm
V= —Tilpm + (U + p1 + 0141,
—p1lp — T2 Apm + (1 + dp + 024) Ay,
=01 Amlp = Ap(Epy + L) + (U + doy + p2 + 7)) I
_pzlhm - UZAmAh + (.u + dm + dh + TZ)Ahm
0 ¢ 0 0 cy C3
0 O 0 0 0 0 ]
F = 0 0 (1-=8)Brcndpr (1= 380)Brcnds (1= 8p)Brcnd2 (1= 8p)Bncnl
0 0 0 0 0 o
0 O 0 0 0 0 Jl
L0 0 0 0 0 0
U+ vy + O 0 0 0 0 0
—Up, U+dn+pm 0 0 0 0
V= 0 0 u+p; 0 -7 0
0 0 —-p1  dp+u 0 -1,
0 0 0 0 u+d,+p,+14 0
0 0 0 0 —p> u+dy,+d,+1,
ci = — (_1 + 5m)ﬁmcm91(:u + wm) ch = — (_1 + 5m)ﬁmcm92(/l + wm)
te U+ QO+ Oy ' 2 U+ Ay + 0 ’
Ca = — (_1 + 5m)ﬁmcm(“ + wm)
3 U+ ay, + wny '
k;y 0 0 0 0 0
k, ki 0 0 0 0
vl = 0 0 (u+tp)™ 0 ks 0
0 0 ky (dn+W07" ke ko
0 0 0 0 k; 0
0 0 0 0 ks ki
ki =@w+v, +o0,) Lk, = Um ksy=Ww+d,+py?
! TR T (vt o) (Ut di + )" merme
_ P1 ke = T
YT A p)dn ) (A dptpa )+ py)
ke = dpp1T1 + dipprT1 + UP1Ty + UPaTy + 12T + P1Ta T,

S (utdp e )W+ p) W H dy +dy + rz)(gh + )
2

St dp e Tt dy Hdy+ 1)

k;=@+dn+p,+ T1)_1, kg

_ T2 _ -1
Ko = T d + dp + 1)y + gy 10 = Wty T2)
_k k 0 0 k _ (_1 + Sm).gmcm(.u + wm)
e Y (Ut amt o)t dy +dy +T,)
0 0 0 0 0 0
FV-l=|0 0 k. — (=14 6p)Bncnds (=14 80)Bren(@ste +dp + 1)
13 dp + 1t 1 U+ dm +dy +15)(dn + W)
0 0 0 0 0 0
0 0 0 0 0 0
L 0 0 0 0 0 0
Where
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(_1 + 5m)ﬁmcm91(.u + wm)vm

ki1 =— ;
Tt am t 0p) (W U+ 0m) (et diy + )
koo = — (_1 + Sm)ﬂmcmel(,u + wm) .
Pt an + 0p) (Ut di + o)
P (=1+6p)Brcn(dnps + 1y + Paps)
e (1 + p)(dn + 1) ’
o = (=1 + 6 BinCm (U + wp)(dR0; + dimB; + by + 120, + p2)
14 =~ ;

utay,t wm)(.u +dy,+p+ Tl)(.u +d,+d, + TZ)
kis = —((—1+ 8p)Bnen(dp’udp, + dp’d1ty + dp’dypy + dpdiiihy + dpdy i Ty + dpdidops + 2dpp’d,
+ 2dppup Ty + 2dppdypy + dpiidt, + dpi 1T, + dpdrpi Ty + dpdapi Ty + dp it d,

+ dppt 1Ty + digptp2p1 + Ay 3pi Ty + 13Dy + UP P17y + 1P hopy + WP DT, + uiTT,

+ UG2p1 Ty + P31 Ty + UP3PoTy + P3p1paT + P3p1 T T, + dyup, + dypip; + 1Pp,

+ up1p2))/ (1 +dm + p + 1)U+ p) (1 + diy + dp + T2)(dy + 1))

Ry, isobtained as the spectral radius of FV—L
R max( (1 = 6m)BimCmbr (U + @)V (1 = 6p)Bren((dp + )1 + </>3p1))
o (1 + i+ 0p) (W + U+ 0n) W+ dp + P (1 +p)(dn + 1) '

i.e. Ry, = max(ROm, Roh)-
3.5 Stability analysis
Lemma 1 Maia, [14]. Assume that J is a square matrix with constant entries and Det ] # 0. Assume that J has
been obtained as a linearization around the equilibrium (x*,y*). Then the equilibrium (x*,y*) is locally
asymptotically stable if and only if
Trace] <0 and Det] > 0.
The equilibrium (x*, y*) is unstable if and only if
Trace/ >0 and Det] <O0.
I. Local stability of DEE
Theorem 3:
E,,,is locally asymptotically stable if Ry, < 1, otherwisg, it is unstable.

Proof:

The Jacobian matrix / (E, ) of the monkeypox sub-model, evaluated at the disease-free equilibrium is

-, 0 —Buc, O 0 0 0 0 0
0 p1 Bucn 0 0 0 0 0 0
0 v, 0 0 0 0 0 o0 0
0 On Pn “Hn 0 0 0 0 0
J(Eo,)=| 0 0 p 0 —p—an o 0 ps ¢ |
0 0 0 0 U —-U—w,; 0 0 0
0 0 D3 0 0 0 Ps  De 0
0 0 0 0 0 0 Uy D7 0
] 0 0 0 0 0 Om Pm —MU—C
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1 n n n 2 Ay + ap + wpy)
_ (=14 8p)BrcntinA(—1 + €) (1 + wpy)

1]

(%] nﬂ(ﬂ+am+wm) P4 = —U—Vm — Om,
( 1+ 5m)ﬁmcm61(/'l + wm) _ (_1 + é‘m)ﬁmcmgl(# + wm)
Ps = U+ oy + Wy e U+ oy + Wy ’
P7 = —U = dm = Py
5 Trace](]EOm) = —=3Up —O0n — —SU = U — W — Vi = O —dm — P —§ <0,

Det J(Eo,,) = HnZ vl + ) (u3 + (dy + VU + Ty + Oy + P+ Q)2
+ ((wm +ay +pm+dpn— (1= 8,)BmCm01)Vm + (0 + A + Pr) 0
+(apm +dpm +p)om + A (dy, + pm))y
+ (P + d = (1 = 830 €m0 + (i + ) )V + O (i + Pr) (@ + W) ) > 0.

Observe that:w,, + @y + pm + dm > (1 — 8,) BmcmB1and py, + dyy > (1 — 6,) B 61 .-Hence, by Lemma 1,
E,,, is locally asymptotically stable. Now substituting

= Bmen1(1 = 6m)vm) <,u +ua-|,-na-)|-ma)m) <(u + vy + Qm)l(,u +dy, + pm)>

into the expression for Det J(E,, ), we obtained
Ry, < 1.
It follows that the disease-free equilibrium E,  is locally asymptotically stable. m
Similarly, we established the following result:
Theorem 4
E,,,is locally asymptotically stable if Ry, < 1, otherwise, it is unstable.

Proof:

—(1 = 8p)Bnendr —(1 — Sp)Brcnds
](th) (1 = 8p)Brendr (1 = 6p)Brcnds
P1 —u—dy
Trace J(Eo,) = (1 = 8,)BunCrps — (P1 +dn+3p) <0,
Det](Ith) = pu(cn(1 = 8,)(dpy + by + P3p1)Bn + (u + p) (1 + dp)) > 0.
Observe that,

(1 = 6p)Brcndy < (p1 +dp +3p).
Hence, by Lemma 1, E,,, is locally asymptotically stable. Substituting

R, = Bnen(L = 8¢ (dn + 10 + 6300 G s

into the expression for Det J(E,,, ), we obtained
Ry, < 1.
It follows that E,  is locally asymptotically stable. m

II. DFE’s Global Stability
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Lemma 2: If a function V (x) is globally positively definite and radially bounded, and its time derivative globally
negative,V'(x) < 0 for all x # x*then x* is globally stable.

Theorem 5
E,,,is globally asymptotically stable ifR, < 1.

Proof:

S">+ E, + 11 +k (5 S*—5*1 S)
* - N —_ - - n_*
Sa) ntontv) "t v S

3 m m m V* ( ) m m:*
k1 > O,kz >0,k3 >0.

V=k <5n — S, =S, In

X Ay S*_A(l—s)(y+wm) . Aay(l-e)
" ' pp+ay +wy) " p(u+ am + wp)’
To verify that V > 0 for all
A Al —-&)(u+wy) Aay(1—¢)
(St Eny I, S, Vi Eny, 1 )a&(—”.o,o. : ,0,0,
T T e tn U+ am + wp) pu+ apy, + wp)

We observe that

* * Sn S * * Vm
k, (sn _S5 -5, ln—*) > 0,k, (5—5* —5*1n—) > 0, ks (Vm V=V In ) >0,
s, 5 7

since the function g(x) = x — 1 — In x achieves a global minimum at x = 1 and g(1) = 0. Hence g(x) > 0 for
all x > 0 and x # 1. Vis radially unbounded.

dV—k(l 5"*>5'+ ! E’+1I’+k(1 S*>S+k (1 Vm*>+ ! E’
dt ! Sa) Tt Wt ontv) P vt S 3 V) WHvm+om) "
1
+—1,"
m
dv k(l 5"*>[A (uy + 2,)S,] + (1,8, — (y + 05 + V) E,]
-V = - -  EEEE——— - v
dt 1 Sn n n n/on (,Un‘l‘Qn"‘Vn) non n Qn n n

1 S* /4%
+ U_ [V Ep — (un + dy + p) 1] + ke <1 - ?) S+ ks (1 - Vi) [anS — (U + wp) V]

n m
1 1
t 1S — (U + Vi + @) Em] + — [V Em — (0 + iy + pr) -
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AV APk, + ((ky + k3)ay, + opk)u + kya,o k,Awpa
= (.u 2 ((2 3)m m2).u 3%m m)+k2(1—€)A+2k1An+ 2 m“m
dt w(p + am + wy) w(p + am + wy)
+ (#ZAnkl + (:unAkZ + klAnam + klAnwm).u- + wmeA.un(l - 6m))cnﬁn1n
tn (S + Ep + L) (U + ay + w1t

N koAR oy, (M + Vm +em) (U + dm + ppdlm kyA,° ky NS BrCrly
— k.S 1L, — In(_l + kz(# + Uy t+ Qm))(l - 6m)cn5ﬂn _ k3AamZS

e (t + Uy + @) (S + En + 1) u( + t + 0V,
_ In(.un + dn + pn) _ szmem (/1 + wm)

— Vn((—ky + k3)w,, + 1k
Im(:u + dm + pm)S(_l + kz(# + Uy + Qm))R{\ttO}m(,u +ay + wm)

V(U + wp))(S + Vo, + Ey + 1)
_ Cnﬁnlnsn(_1 + kl(“n +0on+ vn)) _ Im(.u + dm + pm) _ k2A2(1 - E)(.u + wm)

- ((k
(n + 0n + V) (Sp + En + 1) U, Ul + i + ©p)S 2
—k3)ay, + uk;)S
If weletk, = ;, ky, =k; = ;, then the derivative simplifies to:
Un+0n+vn utvmtom
AV (4* + Qap + 0p)i + G o)A (1—-e)A ) A, N Aw,, oy,
dt  (u+vptopu(p+am+wy) Ut Vm+tom  Unt otV (UH U+ o)u( + Ty + 0p)
+ Cnﬁn[n ( Anluz + .unA + Anam
Un(Sp+ En + L)+ A+ 0l Uy +0n + VU UtV +0m Uptontp
Anwm Awm.un(l - 6m) A(.u + dm + pm)Im
+ U+
Un t 0n + 1y L+ vyt om Uom(S + Vip + Epy + Iy,)
A(Rom - 1)(.“ + dm + pm)lm _ Sn.un _ Im(.u + dm + pm)
Aay,*S Awy Vi (1t + @) Vit
Utvntopu+ an + o))V (Ut vy + o+ an +0R)S B+ vy +0on
_ Az(l - E)(ﬂ + wm) _ HS _ In(.un + dn + pn)
(U+vmtopu+ aym + wp)S  p+ Uy + 0, Up
m.BnCnIn

(1t vm + em) (W + am + W) (Sn + En + 1)
Observe that % < Owith R,,, < 1, Therefore, by Lyapunov’s theorem, E,_ is globally asymptotically stable.m

Theorem 6:
Assume Ry, < 1. Then E,, is globally stable.

Proof:

1

I, + —A,.
)h P1 "

S
V:k(S—S*—S*ln—>+7
) (w+ps

(1-8)A
“ ’

To show that V > 0 for all (S, I, Ap) # (
Vis radially unbounded.

0,0), we observe that k (S e i ln%) > 0.

*

dV—kO S)§+ ! I’+1A’
dt S w+p) " T
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Sy = (1_?)((1—5)A+mem—(u+ W)+ ooy

1
+ E(Pﬂh — (u+ dp)Ap).
av eA $1(u+dp) (e + pEA(L —€) Iy
2 = 2kA(1 —
dt kA —e) + u+p ((# +dp)ps + ¢3P1)# (S+1n+4r)
(1 +dp)os G + 6 + P1)k) SAy (u+dpo,

(eA+ ApS — (u + p1)ly)

SI,

(1= 8)((u+dp)py + dapy) S+ I+ Ap) * ((u+dp)py + dspy) S+ I + Ap)

kA(p + p)(u + dp) (1 — €) Ay
((+d)dy +dsp ) S+ +A4p)

_(Roy =D+ dp)pslku+kp) Sk (Ro, = 1) + dn)9

Sl

((.U +dp)p; + ¢3,01) S+ 1+ 4 - ((M +dp)p, + 4’3,01) (S+1In+ An)

kA(Ro, —1)(u+ p)(u + dp)s(1—€) 4,
((u+ dp) s + P3ps )1 S+ 1+ A4p)
(u+dw)(Ro, — s 5+ 8+ pDk) 54,
(1= 8w)(( + dn) s + psp1) S+ +A4p)
¢1(Ro, — 1) (e + dp) (u + p)KA(L — €) I

((ll +dy)ps + ¢3P1)H S+1,+A4,)
_ (+dp)dy(ku + kpy — 1) Sl _ (n + dh)A _ kA (e — 1)? _
((u+d)ps + dzp1) S +In+Ap) p1 " us

kus.

For any k > 0 and R, < 1, we observe that Z—‘t/ is negative. Therefore, by Lyapunov’s theorem, E,, is globally

stable.m

Theorem 7 - Krasovkii-LaSalle Theorem Maia, [14]

Consider the system x’ = f(x), where x* is an equilibrium, that is, f(x*) = 0. Suppose there exists a positive
definite continuously differentiable function IV: R® — R™on the entire space and radially unblounded and that it

satisfies
V'(x) <0 for all t and all x € R™.
Define the invariant set
J ={x e R*|V'(x) = 0}.
If 7 contains only the equilibrium x*, then the equilibrium x* is globally stable.
II1. DEE’S Global Stability

Theorem 8 (DEE’s global stability of the monkeypox sub-model)
Assume Ry, > 1. Then the monkeypox sub-model’s DEE is globally asymptotically stable.

Proof:

* * S‘n * * ETl * * In
V= kl(Sn —Sn _Sn IHF> +k2 <En_En —En In *) +k3<1n —In —In lnl—*>
n

n n

E
S * * Vm * * Em

+ 4k, (5—5* —5*1n—) + ks (Vm v~V In ) + ke (Em _E.—E, ln—*)
5 7 £,

I
+ k, (Im T 1nﬂ*).
I
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We notice that
* * S‘n * * En
k1<Sn—Sn -5, In *>>0 k2<En—En —E, lnF)>0’
n
>

Sn
I, s
<1n—1 “In-2) > 0, k4(S—S*—S*1n—)>O,
I 5
v E
k5< / *In ’”*) >0, ke (Em _E, —E," 1n—’"*) >0,
Vi En
I
k, <1m I,'In ”L) > 0.
I

Vis radially unbounded.

*

dV k S*S’+k 1 En*E’+k I”*1’+k (1 S
dt 1 Sn n 2 En n 3 In n 4 S

E * *
+ k6<1 —El)Em' + k7<1 —i)lm’.
m m

*

d Sy E, L}
—V= kl 1-— (An - (“n + An)sn) + k2 1-— (Ansn - (.un +on + vn)En) + k3 1-— (vnEn
dt S, E, I,

S*
- (#n + dn + pn)ln) + k4 (1 - ?) ((1 - E)A + mem + (Rm - (.u + Am + am)s)

Vm*>
S"+hks(1—— |V,
5( Vm m

N————

~ |

*

|4 E.
+ kS (1 - v ) (ams - (.u + wm)Vm) + k6 (1 - E )(lms - (H + Uy + Qm)Em)
m m

]

+ k7 (1 - I_) (VmEm — (.u +dn + pm)lm)-
m

dVAB
dt

Where

S
A = kyL7LoS" — (Ry,, — 1)(Ly1keBm + L7Loks)S + kgLys (1 — 6p) g‘ + kyAy + koL, + ksl + kya,,S*

m

*

Ep,
+ kstmS + keLgS + kyVEpy + koLoSm —— + kyftnSn” + kyL1S,” + kgLy1Ro, S

* * * * *

En I, Vin "
+ k6L12 E_ + k7L13 — + k5L10 + k3L5 I + k4L L S + k2L3 E_ + k4L6,

m Im Vm n n

* * * *

S, I,
B = kyA, = + koL, —— +k3L4I + kyLyLoS + koL — + KeLgOmS + kattnSy + kalaSn + kytmS + koL
n

S E
V.S E.'S I,"E,
+ k3L5 + k5L10 + k6L12 + k7L13 + ksamm_ + k6L8 n + k7Um n U
Vin Em I,

E.'S
- kGLll(ROm -1)(1 - 6m);.n— + (L11ke6m + L7Loks)S — kaLlyLo(Ry,, — 1)S™;
m

L,S,
L= ﬂncnm; Ly = Bucn Sn-l-r;:ﬁ; Ly = (Up + 0n + v)Ep; Ly = vpEp;

Ls = (.un + dn +pn)1n; Le = (1 - €)A+ WV Ly =+ 1- 6m;
8 = Bncn—n;
S, + En + 1,
L= (t+ aym + 0p) (@ + vy + 0) (1 + diy + Pi) I,
? U (1 = 8,) (4 + @) (S + Vo + By + I;y)
LlO = (l’l + wm)Vm;
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L _utamt+ on)t vt om)@t+dn + pm) I _
1 vm(l _6m)(.u+wm) (S+Vm +Em +Im)’
Liz = U+ vy +0m)Ep; Lis = U+ dp + pm) iy

We apply the Krasovkii-LaSalle theorem. We consider where the Lyapunov function is equal to zero:
7 ={x € R"V'(x) = 0}.

For any ki, ky, ks, ky, ks, ke, k; and R, > 1we observe that %V <0if A<B, and %V =0 iff S, =
S En=E L =L",S=S" V., =V,”, E, = Ep,”, L, = I,,,”. Hence, the set J consists of the singleton
(S, E L, S5 V" By Iy, ™) and the DEE is globally asymptotically stable. m

Theorem 9 (DEE’s global stability of the HIV-AIDS sub-model)
Assume R, > 1. Then the HIV-AIDS sub-model’s DEE is globally asymptotically stable.

Proof:

S * * Ih * * Ah
V:k1<S_S*_S*1n_>+k2<[h_Ih _[h lrl_*>+k3(Ah_Ah _Ah ln_*)
S I 4,

To show that V > 0, we notice that
S . wIn . ey An
kl(S—S*—S*ln—)>0, kz(lh—lh _1, ln—*>>0, k3(Ah—Ah — 4, ln—*)>0.
Vis radially unbounded.

dV—k(1 S*>S’+k 1 I’ L' +ks(1 Ah*A’
a’l S 2 I, )" 3 4, )

*

Ty 5 2 k I’ pl k A
EV = 1(1_§> (A=A —(u+2,)8) + 2(1_E) (EA+ S — (u+ pIn) + 3<1_A—h> (p1lIn
= (u+dp)Ap).

dV—A B
dt ’

*

where
(Ro,, = D+ p) (1 + dp)(Apds + Ip1)k, S

((u+ dp)py + d3p)(S + I, + Ap)
B (Ro,, = D+ p) (U + dp)(Ands + Ihd)Sko Iy (1 + p)(u + dp) (Apds + L)k, S”

A= (1 - G)Akl + ‘u.kls* -

((l(i ++dh)§¢21 1‘@31)784(5(;‘ j{ll+¢‘)4i3?s‘[]lé ((u+dp)py + G3p)(S+ 1 + Ap)
U p)u h h®P3 rP1 2 " " ¥
+ eAk, + i+ d)dr + bap) (S + 1, + Ar) + U+ p)k Iy + kA dy + kA
(1—e)Ak g ot 1+ p) (L + ) (Ap s + I bk, S
— €)ARq U p)H ) AnP3 T InP1)Ry
IS L
5 s THOS Y T d) b F dap) (S 1 + Ar)

(1= 61(Ro, = 1)) (1 + P + i) (Anps + 1)k S”

((# +dy)p; + ¢3P1)(1 —0p)(S+ 1+ A4p)
B (Ro, = D+ p)(u+ dp)(Apds + 19SSk,  ehk, Iy,

( ((l)l("‘ dh‘3¢)1(+ $3p1)(S +)Ihk+ Ap) Iy y
p+p)(u+dp)(Apds + Ihd1)Sko I 3An Inps

+ (u+ Ik, + ———— + kA, d, + kA
(Gt dn)ps + $ap)S T Iy + Al F POl =Tt s dndy A
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Again, we also apply the Krasovkii-LaSalle theorem. We consider where the Lyapunov function is equal to
zero:

7 ={x € R"V'(x) = 0}.

For any ky, k;, k3 and Ry, > 1we observe that %V < 0if A < B, and %V =0iffS=S"1,=1,", SA, = A,".
Hence, the set 7 consists of the singleton (S*, I,,", A,") and the DEE is globally asymptotically stable. m

4 Numerical Simulations

The following numerical simulations are presented in order to show the effects of certain parameters on
different compartments. We magnified some parts of the plots for a better observation.
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5 Discussion and Conclusion

From Fig. 2a, we observe that the size of the compartment I, alters with changes in the value of &, although this
is not obvious without a magnification as shown in Fig. 2b. We observed that when the value of ¢ is increased,
the number of HIV-infected individuals also increased. Fig. 3a shows that when the waning rate (w,,) of the
monkeypox vaccine increases, the number of individuals in the compartment (1,,,) also increases. Similar results
are achieved for the compartments I,,,,,, A, Apm, and I, as shown in Fig. 3b, Fig.3c, Fig. 3d and Fig. 3e
respectively. An increase in the value of w,, reduces the size of the compartment V},,. This is shown in Fig. 3f.
Fig. 4a reveals that the number of individuals in the compartment R,,increases with increase in ¢. It is observed
in Fig. 4c that the number of susceptible humans increases with increasing{. Fig. 4d, 4e, 4f, 4g and 4h reveal
that increasing or lowering the value of ¢ affects the number of individuals in the compartments L, I, [y, An
and Ay, respectively, in a manner to similar compartment S. Fig. 5a reveals that lowering the value of g,,
causes an increase in the number of individuals in the E,,. Similar result is observed for the class I,,,. Observed
via some magnifications, Fig. 5c, 5d, 5e and 5f reveal a similar result for the compartments I,,, I;,,,, An and Ay,
respectively.

Figure 6a shows that a smaller value of z;results in a higher population size for the compartment I,,,,. Fig. 6b
shows that a higher value of t; results in a higher population size of the compartment I,,. We observe from Fig.
6¢ that an increase in the value of 7, results in a reduced population size for the compartment A4,. A similar
result exists for the compartment A;,,,, as shown in Fig. 6d. Fig. 6e and 6f reveal that a higher value of 7, results
in a lower population size for the class I,,,. Fig. 7a shows that a higher value of z, results in a lower population
size of the compartment I,,,. Fig. 7b reveals that increasing the value of 7, causes an increase in size of I,,. A
similar trend is shown for the compartment I,,,,, as given in Fig. 7c. Fig. 7d shows that increasing t, increases
the size of A, while Fig. 7e reveals that increasing 7, lowers the size of Aj,,.

In this research, a 13-compartment deterministic model was constructed to analyze the co-infection dynamics of
HIV/AIDS and monkeypox. The disease-free equilibrium and the basic reproduction numbers of the sub-models
and the co-infection model were determined. The non-negativity of solutions and the invariant region were
established. The Maple 18 programming software was used to simplify some calculations. The expression for
the basic reproduction number of monkeypox infection is given as Ry, = (Bncmbi(1—
6m)vm)( KT Om )( ! ) , while that of the HIV/AIDS infection is given as R, =

uramrowm/ \(u+tvm+om)(U+dm+pm)
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W.Lyapunov functions were employed in the stability analysis.

The disease-free equilibriums of the monkeypox and the HIV/AIDS sub-models are globally asymptotically
stable. Thus, it has been shown that a 13-compartment model of ordinary differential equations can be
formulated to study the dynamics of the co-infection of HIV/AIDS and monkeypox infections.

Competing Interests

Authors have declared that no competing interests exist.

References

[1] Getachew TT.Mathematical Model for Co-Infection of Pneumonia and Typhoid Fever Disease with
Optimal Control. Pan African University; 2017.

[2] Ossaiugbo IM, Okposo IN. Mathematical Modeling and Analysis of Pneumonia Infection Dynamics.
Science World Journal. 2021;16(2).

[3] TsetimiJ, Ossaiugbo MI, Atonuje A. Bifurcation Analysis of a Mathematical Model for the Covid-19
Infection among Pregnant and Non-Pregnant Women. European Journal of Pure and Applied
Mathematics. 2022;15(2):537-556.

Available:https://doi.org/10.29020/nybg.ejpam.v15i2.4312.

[4] Okposo NI, Adewole MO, Okposo EN, Ojarikre HI, Abdullah FA. A mathematical study on a fractional
COVID-19 transmission model within the framework of nonsingular and nonlocal kernel. Chaos, Solitons
& Fractals. 2021;152.

[5] Bhunu C, Mushayabasa S, Mac Hyman J. Modelling HIV/AIDS and Monkeypox co-infection. Applied
Mathematics and Computation. 2012;218:9504-9518.
Awvailable:http://dx.doi.org/10.1016/j.amc.2012.03.042.

[6] Usman S, Adamu Il. Modeling the Transmission Dynamics of the Monkeypox Virus Infection with
Treatment and Vaccination Interventions. Journal of Applied Mathematics and Physics. 2017;5:2335-
2353.

Available:https://doi.org/10.4236/jamp.2017.512191.

[71 Somma SA, Akinwande NI, Chado UD. A Mathematical Model of Monkey Pox Virus Transmission
Dynamics. Ife Journal of Science. 2019;21:1.

Available:https://dx.doi.org/10.4314/ijs.v21i1.17.

[8] Ayele TK, Goufo EF. G., Mugisha S. Mathematical modeling of HIVV/AIDS with optimal control: A case
study in Ethiopia. Results in Physics. 2021;26:104263:1-17.
Auvailable:https://doi.org/10.1016/j.rinp.2021.104263.

[91 Okposo NI, Addai E, Apanapudor JS, Gomez-Aguilar JF. A study on a monkeypox transmission model
within the scope of fractal-fractional derivative with power-law kernel. The European Physical Journal
Plus. 2023;138(8):684.

[10] Usman S, Adamu Il. Modeling the Transmission Dynamics of the Monkeypox Virus Infection with
Treatment and Vaccination Interventions. Journal of Applied Mathematics and Physics. 2017;5:2335-
2353.

Auvailable:https://doi.org/10.4236/jamp.2017.512191.
[11] Bhunu CP, Mushayabasa S, Modelling the transmission dynamics of Pox-like infections, Int. J. Appl.

Math. 2011;41(2):141-149.

38



[12]

[13]

[14]

Ossaiugbo et al.; Asian Res. J. Math., vol. 20, no. 3, pp. 12-39, 2024; Article no.ARJOM.113995

Ngungu M, Addai E, Adeniji A, Adam UM, Oshinubi K. Mathematical epidemiological modeling and
analysis of monkeypox dynamism with non-pharmaceutical intervention using real data from United
Kingdom. Front. Public Health. 2023;11:1101436.

DOI: 10.3389/fpubh.2023.1101436.

Nigeria Centre for Disease Control Monkeypox; 2022.
Available:https://ncdc.gov.ng/diseases/info/M. Retrieved 17th December, 2023.

Maia M. An Introduction to Mathematical Epidemiology. Springer, New York, Heidelberg Dordrecht,
London; 2015.

© Copyright (2024): Author(s). The licensee is the journal publisher. This is an Open Access article distributed under the terms of the
Creative Commons Attribution License (http://creativecommons.org/licenses/by/4.0), which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.

Peer-review history:

The peer review history for this paper can be accessed here (Please copy paste the total link in your
browser address bar)

https://www.sdiarticle5.com/review-history/113995

39



